The Lotka-Volterra predator-prey 
Introduction
Despite overwhelming evidence that many populations continually change in a nonperiodic way, many management practices are predicated on the concepts of equilibria, periodicity, and steady-states. In fact, the notion of sustainable yields, sustainable development, and the use of global quotas presumes that future populations can be predicted, albeit imperfectly, and managed to ensure a desirable resource flow over time. In reality, initial forms of overexploitation may be undetectable, measurement of removals is problematic, assigning causes to perturbations in populations is difficult, and the prediction of future populations almost invariably fails (Ludwig et al. 1993) .
Unpredictable fluctuations in populations may arise from random environmental changes to a periodic system or the species interaction may be inherently chaotic. Many theoretical models of species interaction, however, are based on predator-prey models which stress the existence of equilibria or periodic orbits. The equilibrium concept of predator-prey management stems from the original work of Lotka (1925) and Volterra (1931) and continues to the present with generalized forms of the Lotka-Volterra model (Tu and Wilman 1992) , with applications of the model to ecology and wildlife management (Caughley and Sinclair 1994) , herbivory predatorprey systems (Swart and Duffy 1987) , and even with predator-prey models that incorporate a fluctuating environment (Collie and Spencer 1994) . These models are in continuous time and may be used to show that improved estimates of the parameters of the system can improve resource management and that controls, such as predator removals, can be effective in increasing prey populations.
The reality of predator-prey interactions suggest that ecological systems are much more complicated than traditional theory implies. In an exhaustive study of fifty-eight large predator and prey interactions in North America, the U.S. Fish and Wildlife Service (1978) found that thirty-one predators did regulate the growth of prey populations, but twenty-seven did not. Observations of predator-prey relationships have also shown that with certain population densities predators can control prey populations, but not at other densities (Holling 1959) . In some cases predators appear to dampen fluctuations in prey populations, as in the case of elk, mule deer, and mountain lions (Hornocker 1970) , while in others such as hare, owls, and lynx the existence of predators may accentuate fluctuations in the prey population (Keith and Windberg 1978) . It may also be the case that enrichment of the food for prey, such as the feeding of wild deer in winter, may send both the predator and prey populations into oscillations that may lead to the extinction of a local prey population (Rosenweig 1971). Conversely, undertaking control of a predator which feeds off several prey may actually result in the decline and possible elimination of some of the prey species in the ecosystem due to increased competition for food among the prey (Budiansky 1995) . Further, predator control may only result in an increase in the prey population in the short-run and other causes of mortality may replace predators as a check on population growth (Kie et al. 1979) . Even without apparent human interference, seemingly stable patterns of predator-prey relationships such as wolf and moose on Isle Royale in Lake Superior from 1959-68, can begin to fluctuate in a very erratic pattern (Robinson and Bolen 1989) .
Fluctuations in predator-prey populations are widespread and include hare and lynx in Canada, cod and capelin in the North-East Arctic, and fir trees, and moose and wolves in the U.S. A hare-lynx relationship, based upon returns of fur pelts to the Hudson Bay Company over spatially differing populations, is presented in figure 1 . The cod and capelin relationship is given in figure 2 . The fir tree-moose-wolf example is provided in figure 3 and suggests the importance of incorporating both herbivory and carnivory predation into models. The examples illustrate the potential oscillations in predator-prey populations over time and the difficulty in predicting the future.
The problem of not knowing which model of an ecological system is appropriate to use and the actual values of population levels and/or key environmental variables poses immense difficulties for managers. In the face of uncertainty, Ludwig et al. (1993) suggest five principles of management which includes an exhortation to "...consider a variety of plausible hypotheses about the world; consider a variety of possible strategies; favor actions that are robust to uncertainties. .." (Ludwig et al. 1993, p. 36 ). Hilborn and Walters (1992) propose an actively adaptive strategy to manage uncertainty in dynamic systems by constructing a range of alternatives consistent with the data so as to identify policies which can both provide information and be changed adaptively as more is learned about the system. A critical aspect of the adaptive management is the presumption that the managers have the appropriate model, but not the values of the parameters of the model. In this approach, Bayesian decision theory plays an important role in determining the expected loss for alternative strategies.
We address a more fundamental problem: What should managers do when they do not know the true model of population dynamics and will never have the data to distinguish between competing models? We address this question in the context of predator-prey models and management where populations fluctuate in a nonperiodic way. 
Management Strategies Under Uncertainty
The uncertainty faced when predicting natural populations include the appropriate model to use, the values of the parameters of the chosen model, the size of the relevant populations, and the value of environmental variables treated as exogenous to the system. These unknowns coupled with random events in terms of demography, the environment, and genetic make-up further complicate management (Shaffer 1981) . Despite the uncertainty, humans have set up many different rules to regulate natural populations. One of the earliest recorded is in the Old Testament which exhorts persons to leave the parent bird whenever eggs or fledglings are removed from a nest. Sometimes these rules have ensured the exploitation of a species over a long period of time, such as in the harvest of salmon by native Americans. In other cases, the rules may have contributed to catastrophic declines and extinctions of natural populations (Williams and Nowak 1993) .
Overlaying the fluctuations in population size is a concern that below a certain minimum number of individuals, a species is doomed to extinction. In part, this may explain why natural and human-based perturbations can lead to the commercial or complete elimination of previously abundant species. Shaffer (1987) has shown that with a variable environment, a decline in a population increases the chance of extinction by an even greater proportion. Thus, the continued existence of natural populations in the long-run may require very large numbers of individuals or numerous and spatially scattered populations. The existence of meta-populations, whereby a species is separated into dispersed subpopulations, is probably the reason why An understanding of the concept of meta-populations has led to new ways of managing natural populations through the use of disperse ecological reserves in wildlife conservation and the recommendation for special reserves in the exploitation of fish species (Lauck 1996) . More commonly, management consists of controls on total removals of individuals from a population and/or removals of specified types of individuals. A list of some of the controls and strategies that may be used in managing populations is provided below:
1. Total removals-limits on the total number or total weight harvested of a species.
2. Age, sex, size removals-limits or restrictions on removals of certain individuals within a harvested species. For example, minimum mesh sizes in fishing are designed to protect juveniles from exploitation.
3. Closed exploitation areas-limits on where individuals can be harvested. For example, in some fisheries harvesting is not permitted in sensitive spawning areas.
4. Fixed exploitation seasons-limits on when individual members of a species can be harvested. This strategy is often employed for species managed for recreational purposes.
5. Predator control-culling of predator populations to enhance prey populations. For example, the culling of wolves to enhance ungulate populations.
6. Competitive prey control-culling of competitive species to enhance the population of specific species.
7. Prey enhancement-support for changes in the environment to enhance the harvest of desired species, such as the use of salmon hatcheries.
8. Participation controls-limits on the number and/or gear and equipment that can be used by humans when exploiting species. For example, in fisheries limits are often placed on the number of fishers that can harvest a resource.
These strategies will have different impacts depending upon the nature of ecological systems. In a seminal paper, Walters and Hilborn (1976) explicitly considered the appropriateness of different harvesting strategies in the face of uncertainty. Hilborn and Walters (1992, p. 469 ) table the effects of uncertainty with respect to population size, the vulnerability of the population to exploitation, and the level of exploitation on management strategies such as total removals, fixed exploitation seasons, and participation controls. They emphasize the need to compare strategies and their expected performance and stress the importance of choosing strategies that are robust to biological uncertainty. Further, they show how adaptive management and policy design can improve management of ecological systems by explicitly recognizing uncertainty.
We consider management strategies when populations may be chaotic. We define chaos as a bounded steady state which is not an equilibrium or periodic (Sabin and Summers 1993) and where even the smallest perturbations to the initial conditions can lead to completely different behavior. Chaos poses a number of difficulties-should we have the true model of the ecological system, the slightest of errors in terms of the values of the parameters or state of the populations will soon lead to very large errors in prediction. Further, to estimate Lyapunov exponents-which help us to understand the behavior of populations and whether they are chaotic or not-requires thousands of observations (Eckmann and Ruelle 1992) . To address this type of uncertainty a theoretical rather than an applied approach is required.
We examine management strategies in the context of predator-prey systems because of the predominance of equilibrium type models in the literature and the seemingly random fluctuations of many predator-prey populations. The contribution is to suggest an alternative approach to management that explicitly recognizes the fundamental uncertainty in natural populations.
Predator-Prey Models
The original Lotka-Volterra predator-prey model is governed by a two dimensional system of differential equations where two species are doomed to a perpetual harmonic motion around an equilibrium which is never reached. In its simplest form the model is defined as follows:˙-
where x and y, respectively, are the population of the prey and predator species and x, y ≥ 0 and α, β, γ, δ > 0. Without predation, the prey (x) grows exponentially at a growth rate α while the predator's natural mortality rate is defined by γ.
A generalized differential predator-prey model with density dependence (Verhulst 1845) in both the predator and prey (Grafton and Silva-Echenique 1994) may be written as follows:˙(
The solution to equations (3) and (4) can only be one of four canonical types and because it is a two variable differential equation model there can be no chaotic behavior. This is because without period forcing (Sabin and Summers 1993 ) the system must have at least three independent variables, and the equations of motion must have at least one nonlinear term that includes several of the variables, for it to be chaotic. Chaos, however, can arise from a single nonlinear difference equation with one variable. Thus, two variable predator-prey models in continuous time cannot exhibit chaotic motion without period forcing but its discrete counterpart can.
To examine the effects of management strategies, with and without chaos, in a two species predator-prey model it is necessary to use a discrete model. The discrete version of a continuous predator-prey model can be obtained by replacing t by the discrete variable n (Hale and Kocak 1991; Grafton and Silva-Echenique 1994) . Such a derivation does not imply that the continuous and discrete models are directly comparable but is necessary to show the effects of instability and chaos on a two species predator-prey system without period forcing. A discrete predator-prey model is also derived by Gumowski and Mira (1980) but includes an exponential function in the equations. The general discrete predator-prey model is defined by equations (5) and (6) x ax x bx y n n n nn 
Equations (5) and (6) (5) and (6) can generate a periodic system or chaos.
Allowing for the possibility of chaos is important because irregular variations in time and space are ubiquitous in ecological systems (Schaffer and Kot 1985) . Hastings and Higgins (1994) have also shown that population perturbations may be a fundamental feature of the dynamics of certain populations even without environmental changes. For example, using computer simulations for the dungeness crab they show that instability and change are the rule rather than the exception and that apparent chaos can change to cycles or vice versa. Similar patterns have been observed in species unexploited by humans using sediment samples by Soutar and Isaacs (1969) (1982) and Shackleton (1987) for clupeiformes off the coasts of Peru and Namibia. For exploited fish populations, Caddy and Gulland (1983) also identify several important fish stocks which fluctuate in either an irregular or spasmodic fashion. In general, reversals from chaos to cycles may be a result of ecological factors such as predation and migration to and from subpopulations and may act to control the onset of chaos (Stone 1993) .
Management Strategies and Predator-Prey Models
The behavior of the discrete form of the generalized predator-prey model defined by equations (5) and (6) can be examined under three general cases: a deterministic system, deterministic chaos, and a system subject to random shocks. The examples provided in each case do not purport to represent any specific populations and merely serve to illustrate the implications of different management strategies.
To focus on the effects of separately changing the parameters of the predator (b) and prey (a) population, we assume only density dependence in the prey population and use the model defined by equations (7) and (8).
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It is also possible to examine the impact of randomness on the system by specifying a random shock in the model. One way to introduce randomness is to modify equation (7) as follows:
where Z is a random number bounded by 0 and 1. The randomness is used to show the possibility that random shocks to a deterministic system can qualitatively mimic chaos.
Deterministic System: Attracting Curve
Figures 4a and 4b show state and connected states of a two species predator-prey system defined by equations (7) and (8). For the specified parameters, the system orbits a curve of predator-prey values in a quasi-periodic and nonchaotic way. For this model, a change in the initial conditions or relative abundance of the predator and prey populations, either moves the system closer to, or further away from, an attractive curve but does not change it. This is illustrated by figures 5a and 5b where a change from a predator-prey ratio of 1:1 to 1:5 leaves the orbit unchanged. The figures suggest that a strategy of total removals on the predator could speed the system to the attracting curve. Further, because the system is deterministic, improved data and estimates of the underlying dynamics can improve predictions about future states of the two populations. The figures illustrate that improved data can make predictions more accurate, the system is periodic or quasi-periodic, and shocks to the system do not change the long-run fluctuations in populations. The management implication is that a strategy of only controlling total removals can effectively regulate the system.
Deterministic Chaos
Deterministic chaos-the irregular output of a deterministic system-arises only from the parameters of the model and not from shocks to the system. It is characterized by sensitivity to initial conditions, instability, and the existence of strange attractors which are geometrical objects in state space to which trajectories are attracted.
Figures 6a and 6b illustrate a chaotic system where the model is defined by equations (7) and (8) but the parameters are in the chaotic set. A feature of the chaotic model is that the smallest of changes in the initial conditions leads to very large differences in the future states of the predator and prey populations, although qualitatively the strange attractor remains unchanged. Thus, in this case a human-induced change that only affects the initial conditions of the model will not make the system more stable or change the relative abundance of the predator-prey populations. Consequently, a policy limited to total removals, but which does not change the parameters of the system through temporal and spatial controls and age/sex/size removals, will not change the predator-prey trajectories. Further, any improvement in data on the parameters of the model or the states of the populations will not improve longrun predictability as long as there exists measurement error-no matter how small.
Chaos in predator-prey populations can, however, be managed through strategies that affect the parameters of the system. For example, if stability is a goal of management then on-going controls on the predator and/or prey can shift the parameters of the model out of the chaotic set. Figures 7a and 7b represent the same model but with management strategies that have reduced the growth rate of the predator population (b) such that the model now exhibits a stable equilibrium. Figures 8a and 8b is the same model but represents the effect of a reduced growth rate on the prey population (a) and also illustrates a stable (but different) equilibrium. If the strange attractor is small enough and located in a desirable area in predator-prey space, it is also possible that managers may wish to keep the orbits of natural populations within the strange attractors rather than modify the system. 
Random Shocks to a System
Random shocks to a predator-prey model can be illustrated by the same model and parameters of the deterministic system, but is subject to shocks as defined by equation (9). In this model, which does not exhibit deterministic chaos, random shocks outside of the model cause the system to evolve qualitatively similar to that of the chaotic model.
Figures 9a and 9b and figures 10a and 10b represent the state and connected state diagrams and differ only with respect to starting values. At the two different starting values the system no longer has a stable orbit and instead the transients resemble the pattern generated in the chaotic case. Given the data limitations faced by managers, the figures suggest that it would be impossible to distinguish between this model and the chaotic case. In the case of a periodic or quasi-periodic system subject to random shocks, however, it may be possible to obtain better parameter estimates with more and better data. In the chaotic case, improved estimates would not lead to improved long-run predictions.
More importantly by adapting to the shocks through, for example, increased predator culling whenever there is a positive shock, managers have the potential to stabilize the system. In contrast, in the chaotic case no strategies except those that move the parameters of the system out of the chaotic region will make the populations fluctuate in a periodic fashion.
Management Implications
The examples using arbitrary parameters and initial conditions illustrate the potential difficulties in managing predator-prey interactions. All three cases are generated using a simple model of predator-prey behavior which abstracts from other species interactions and other factors in the environment. Despite its simplicity, the model can qualitatively mimic the seemingly random fluctuations in natural populations.
A comparison of the deterministic, chaotic, and random cases illustrates the ef- Figure 9a . Orbit fectiveness of different management strategies. Most managers either explicitly or implicitly accept a model which generates periodic fluctuations or stability. The deterministic predator-prey model presented in this paper suggests that several strategies such as total removals, predator control, and prey enhancement can be effective. In contrast, the chaotic model suggests strategies that are effective at managing populations must focus on changing the parameters of the system. Thus, a strategy of total removals which leaves the parameters in the chaotic set as before will not make the system more stable or change the dynamics to suit objectives of managers. Further, certain strategies such as prey enhancement by increasing the growth rate of a species may make a previously periodic system nonperiodic or even chaotic.
Standard Approach
The belief that predator-prey interactions are stable or periodic or whether they are fundamentally unstable and unpredictable leads to different management strategies. For example, for the past 20 years or more Canada has primarily managed its Atlantic groundfish fisheries through a strategy of control on total removals or global quotas on individual species. The belief was that harvesting above a sustainable yield would reduce the stock, while harvesting below the sustainable yield would increase stocks. This perspective led to projections of a "bonanza" of fish for Canadian harvesters following the declaration of 200 nautical mile exclusive economic zone (EEZ) in 1977 (Kirby 1982) . It also resulted in a research focus on stock assessments so as to set appropriate quotas. To undertake these assessments, more and more resources were devoted to collecting more and more data (Underwood 1995) . Equally as important, the focus on global quota management meant that other strategies, such as closed fishing areas and seasons to protect juveniles and spawners, were either not applied or considered secondary strategies. Despite the resources devoted to this management system, the outcome has been a failure. The groundfish fisheries have not been sustainably managed, and following a collapse in the principal stocks, there have been fishing moratoria since 1992 (Munro 1996) . Whatever the cause of the decline-overharvesting (Hutchings and Myers 1994) , too many seals (Tsoa 1996) , other factors (Roy 1996) , or a combination of factors-there has been a recommendation to increase the harvesting of seals so as to rebuild the groundfish stocks more quickly (Fisheries Research Conservation Council of Canada 1994). The assumption is that a temporary increase in seal mortality through hunting will increase the number of their prey-cod and other groundfish. This may or may not be true (see Sinclair et al. 1995) , but more importantly, what if the underlying model is chaotic? Or more precisely, what strategies are potentially useful whether the system is periodic, quasi-periodic, or chaotic?
Our modeling of predator-prey populations suggests that a parameter approach to management may be appropriate if minimizing the risk of failure is an important goal. For example, a trial program of injecting contraceptives derived from pig ovaries into grey seals on Sable Island off the Canadian coast has been shown to be 90% effective. A mass and on-going program of contraception on hooded and harp seals could permanently reduce the growth rate of seal populations. Such a program could move the predator-prey system out of a chaotic region if it is chaotic, and would still be effective even if the true model were a deterministic predator-prey relationship. It may also be possible to experiment with different strategies on different subpopulations of seals and cods and compare their ability to achieve management goals.
Alternative Approaches
There is a growing literature to support a different approach to managing natural populations. The Food and Agricultural Organization of the United Nations (FAO) notes the fact that "...many conservatively-targeted quota management systems have failed, even for proprietary resources of EEZ's, should prompt a re-examination of all facets of the management procedure, . .." (FAO 1993, p. 37) . There is also beginning to be a recognition that strategies that may perform well in a nonchaotic environment may be inappropriate when the system is chaotic (Costa Duarte 1994). Wilson et al. (1994) have suggested, in terms of fisheries management, that emphasis should be placed on how, when, and where fish are caught rather than the total harvest. This approach may also be consistent with some community-based and indigenous fishing practices (Wilson and Kleban 1992) . More importantly, a realization that species interaction may lead to chaos requires that managers and researchers focus on a better understanding of ecosystems rather than on data collection and prediction (Wilson et al. 1991) . Thus, confronting uncertainty and managing multispecies does not mean using conservative global quotas (May et al. 1979) or acting prior to a full scientific consensus-the so-called precautionary approach to management-rather, it requires using mixed strategies that provide a degree of control, whatever the underlying dynamics. In fact, despite its collapse, there is evidence that Canada's northern cod stocks were exploited with a relatively low fishing mortality compared to the Iceland and West Greenland cod stocks (Lane and Palsson 1996) . Confronting uncertainty requires a recognition that natural populations often fluctuate in a nonperiodic way and that a set of strategies that can exercise a degree of control-whatever the underlying dynamics-may minimize the risk of management failure. Where appropriate, it also involves the testing of different strategies on different subpopulations to determine their relative effectiveness so that managers can experiment and learn.
A mixed strategy approach provides an option value to managers which a single strategy does not-the ability to exercise some control over an ecosystem even when the dynamics of the system are unknown and may never be known. For example, in salmon management, a policy of ensuring some escapement of returning fish is required to ensure future harvests. However, without strategies to manage natural mortality rates-such as through watershed protection-the objectives of management may fail to be achieved. A mixed strategy approach must also consider fluctuations in populations and the impact on human exploitation. Many natural populations are common-pool resources where yields are rivalrous and where it also difficult to prevent others from exploiting the resource. The use of private property rights in fisheries in the form of individual transferable quotas (ITQs) is one way to help prevent overcapitalization and excess fishing effort (Grafton 1996; Grafton et al. 1996; Squires et al. 1995) . In a mixed strategy, ITQs could be used in conjunction with other strategies to manage growth rates in natural populations.
An appreciation that populations may be chaotic also has important implications for data collection and prediction by managers. In the chaotic case, additional data on the numbers of individuals or state of the population will not improve predictions. Consequently, a focus on biomass estimates at the expense of other researchsuch as understanding species interactions-may not be appropriate. Further, if populations are chaotic, obtaining longer time series of data or using experiments to observe greater variations in data so as to better estimate parameters will not improve management. Thus, contrary to the belief that more information on the stock size of populations will lead to improved management, it may be of no value. In fact, if more or better data results in a greater reliance or confidence in a single strategy approach, it may even be detrimental to natural populations and negatively impact the goals of management.
Concluding Remarks
Despite overwhelming evidence that many populations fluctuate in a nonperiodic way, managers have consistently employed strategies that presume populations are stable or periodic. Not infrequently this has led to extinctions and failures to achieve the objectives of management.
The Lotka-Volterra predator-prey model exemplifies the implicit and explicit assumptions managers often have regarding species interaction. We argue that if predator-prey relationships are chaotic, a single strategy approach to management will not be effective. In the face of uncertainty about the underlying dynamics, we suggest that a mixed strategy will reduce the risks of management failure. Where appropriate, we also suggest experimentation with different strategies on different subpopulations. Most importantly, a recognition by managers that they may never know the population dynamics-or will never have the data to distinguish between competing models or predict future populations-can lead to management fundamentally different to a single strategy approach based on total removals.
Our work emphasizes the importance of (a) theoretical modeling and simulations in managing natural populations, (b) the need for understanding of ecosystems and broad relationships rather than minute details and data on individual species, (c) the value of flexible exploitation which allows people to adjust to rapid changes in populations, and (d) the need for mixed strategies so that managers have options whatever the population dynamics.
